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Abstract 
Akkari, S., A minimal 3-connectedness result for matroids, Discrete Mathematics 103 (1992) 
221-232. 
In this paper we prove the following theorem: Let M be a 3-connected matroid other than the 
cycle matroid of a wheel of rank greater than three. Let C be a circuit of M. If every deletion 
of a pair of elements of C disconnects M, then every pair of elements of C is in a triad. A result 
of Oxley and the author, which characterizes the duals of Sylvester matroids, is an immediate 
consequence of this theorem. It also follows that if such a matroid M is graphic, then C is a 
3-edge cycle. 
1. Introduction 
The matroid terminology used here mostly follows Oxley [lo] and Welsh [13]. 
Some of the terminology will be explained later in this section. 
A result of Mader [5] states that if C is a cycle of a simple n-connected graph G 
having the property that, for every edge e of C, the deletion G\e is not 
n-connected, then C meets a vertex which has degree IZ in G. Seymour [ll, (2.3)] 
and Oxley [S, Theorem2.41 generalized and strengthened this result for 2- 
connected matroids. A generalization of Mader’s result to 3-connected matroids 
was given by Lemos [4]. He showed that if C is a circuit of a 3-connected matroid 
M and, for all elements e of C, the deletion M\e is not 3-connected, then, 
provided M has at least four elements, C meets at least two triads. In this paper, 
we investigate the triads meeting a circuit C of a 3-connected matroid M in the 
event that every deletion of a pair of elements of C disconnects M. As the next 
theorem shows, these triads abound. The cycle matroid of the rank-r wheel is 
denoted by M(Wr). 
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Theorem 1.1. Let C be a circuit of a 3-connected matroid M. Suppose that M is 
not isomorphic to M(W7) where r 2 4. Zf, for all pairs {e, f} of elements of C, the 
matroid M\e, f is disconnected, then every pair of elements of C is in a triad of M. 
The proof of this theorem, which is rather long, will be given in Section 4. 
Much of the difficulty of the proof lies in dealing with the exceptional case 
M(W). 
As defined by Murty [6], a matroid is a Sylvester matroid if every pair of its 
elements is in a triangle. It is easy to see that the characterization of Sylvester 
matroids which appears in [l] is an immediate consequence of Theorem 1.1. 
The ground set of a matroid M is denoted by E(M). The rank and corank 
functions of a matroid are denoted by rk and rk*, respectively. A circuit 
containing k elements is called a k-circuit. A k-cocircuit is a k-circuit of the dual 
matroid. A triangle is a 3-circuit, and a triad is a 3-cocircuit. The property that a 
circuit and a cocircuit cannot meet in exactly one element is called orthogonal@. 
Two elements x, y are in series if {x, y} is a 2-cocircuit. A series class of M is a 
maximal subset S of E(M) such that every pair of elements of S forms a 
2-cocircuit. Two elements x, y are in parallel if {x, y} is a 2-circuit. Parallel 
classes are defined analogously to series classes. For a subset F of E(M), M\F is 
the matroid obtained by deleting the elements of F from M. If F = 
{ el, e2, . . . , ek}, then M\ F is also written as M\e,, e2, . . . , ek. The matroid 
obtained by contracting the elements of F is denoted by MIF or 
Mlel, e2, . . . , ek. 
For a positive integer k, a partition {X, Y} of E(M) is a k-separation if each of 
X and Y has at least k elements and rkX + rkY s rkM + k - 1. For an integer 
n 2 2, M is n-connected if it has no k-separation for k < n. A 2-connected matroid 
is also called connected. It is routine to verify that a matroid M is n-connected if 
and only if its dual M* is n-connected. 
To simplify notation in what will follow, we introduce the following definitions. 
Let C be a circuit of a matroid M. Then M is a (2,3)-matroid relative to C if M is 
3-connected and, for all elements e, f of C, the matroid M\e, f is disconnected. A 
graph G is (2,3) relative to a cycle C if its cycle matroid M(G) is (2,3) relative to C. 
The wheel w3 is a (2,3)-graph relative to the triangle formed by its rim edges. 
It is not difficult to find an infinite family of graphs each of which is (2,3) relative 
to a triangle. By using Theorem 1.1, it is straightforward to show that, except for 
the wheel graphs of rank greater than three, no graph is (2,3) relative to any 
larger circuit. 
Corollary 1.2. Let G be a graph other than the wheel wr where r 2 4. Zf G is (2, 3) 
relative to a cycle C, then C is a triangle. 
The organization of this paper is as follows. In the next section we mention 
several facts about matroid connectivity. In Section 3 we give some properties of 
(2,3)-matroids relative 
1.1. 
We close this section 
Minimal J-connectedness for matroids 223 
to a circuit. In Section 4 we give the proof of Theorem 
with a simple result that will be used later in this paper. 
Lemma 1.3. Zf {e, f, g) is a triangle of a matroid M, then Ml e \f lg = M \ elf, g. 
2. Connectivity results 
In this section we give some results about n-connected matroids-mainly 2- and 
3-connected matroids. The first of these is a result of Oxley [7]. 
Lemma 2.1. Zf M is an n-connected matroid and IE(M)j 2 2n - 1, then M has no 
n-circuit which is also a cocircuit. 
The next lemma gives a strengthening of a result of Oxley [7, Lemma 4.21. 
Lemma 2.2. Let M be an n-connected matroid and [E(M)1 2 2(n - 1). Let Al be 
an independent subset of M. Zf M/AI is n-connected, then, for every subset A of 
A,, the matroid MIA is n-connected. 
Proof. Suppose that, for some subset A of A,, the matroid M/A is not 
n-connected. Assume that A is maximal with respect to this property. Then, for 
an element e of Al -A, the matroid M/A/e is n-connected. So, by [9, Lemma 
2.11 applied to M/A, the element e is a loop of M/A or M/A has a cocircuit 
containing e and having fewer than n elements. Now if e is a loop of M/A, then e 
is in a circuit of M contained in A U e. This is a contradiction since A U e is 
independent. On the other hand, if e is in a cocircuit C* of MIA having fewer 
than n elements, then C* is a corcircuit of M having fewer than n elements. This 
is a contradiction since an n-connected matroid with at least 2(n - 1) elements 
has no cocircuits having fewer than n elements, by [7, Lemma 2.21. Hence, for 
every subset A of A,, the matroid M/A is n-connected. 0 
We omit the simple proofs of the next two lemmas. 
Lemma 2.3. Let A be an independent subset of a disconnected matroid M. Zf M/A 
is connected, then A contains a coloop of M. 
Lemma 2.4. Let M be a 3-connected matroid and {p, q} be a subset of E(M). Let 
A be an independent subset of M contained in E(M) - {p, q}. Zf M\p, q is 
disconnected and M \p, q fA is connected, then there is an element b of A such that 
{p, q, b} is a triad of M. 
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Lemma 2.5. (Oxley [8]). Let C be a circuit of a connected matroid M and suppose 
JE(M)J 3 2. Let q be an element of C. If, f or all elements r of C - q, the matroid 
M \ r is disconnected, then C - q contains a 2-cocircuit of M. 
One of the most useful results in the theory of connectivity is the following 
result of Tutte [12]. 
Lemma 2.6. Let p be an element of a connected matroid M. Then either M \p or 
Mfp is connected. 
Although the last result does not hold when one replaces ‘connected’ 
throughout by ‘3-connected’, Bixby [2] did find an extension of the result to 
3-connected matroids. To state his result, we need the following definitions. A 
subset X of a matroid M is a minimal k-separation if 1x1 = k and {X, E(M) - X} 
is a k-separation of M. It is easy to show that a minimal k-separation of a 
k-connected matroid is either a circuit and coindependent or a cocircuit and 
independent. In particular, a minimal 2-separation of a 2-connected matroid is 
either a 2-circuit or a 2-cocircuit. The simplification MS of a matroid M is obtained 
by deleting all its loops and all but one element from each of its parallel classes. 
The cosimplification MC of M is obtained by contracting all its coloops and all but 
one element from each of its series classes. 
Lemma 2.7. (Bixby [2]). Let p be an element of a 3-connected matroid M. Then 
either M \p or M/p has no nonminimal 2-separations. Moreover, in the first case, 
(M \p)’ is 3-connected, while in the second case, (M/p)” is 3-connected. 
Lemma 2.8 (Coullard [3, Lemma 2.41). Let p be an element of a 3-connected 
matroid M. Suppose that (E(M)( 2 7 and that M/p has no nonminimal 2- 
separations. Zf T and TI are triangles of M each containing p, then T fl TI = {p}. 
3. Properties of (2,3)-matroids relative to a circuit 
The results in this section constitute the core of the proof of Theorem 1.1. The 
following lemma gives a lower bound on the number of elements of certain 
3-connected matroids. 
Lemma 3.1. Let e, f be elements of a 3-connected matroid M. Zf {e, f} is 
contained in no triads of M and M \ e, f is disconnected, then I E(M) I 2 8. 
Proof. The proof is straightforward and is omitted. 0 
The next lemma is frequently used in the proof of Theorem 1.1. 
Minimal 3-connectedness for matroids 225 
Lemma 3.2. Let C be a circuit of a 3-connected matroid M. Suppose that e, f, p 
are elements of C and that p is in triads of M with every element of C - {e, f, p}. Zf 
M \e, f is disconnected, then {e, f } is contained in a triad of M. 
Proof. Since M\e, f is disconnected, it has a l-separation {X, Y} such that 
rkX + rkY = rk(M\e, f). Without loss of generality, we may assume that p is in 
X. Now let T* be a triad of M containing p. If the set T* - {e, f} contains a 
coloop of M \e, f, then, since M is 3-connected, {e, f } is contained in a triad of 
M. Now assume that, for every triad T* of M containing p, the set T* - {e, f} 
contains no coloops of M\e, f. Then, for every such triad T*, the set T* - {e, f} 
is either a triad of M\e, f or is contained in a series class of this matroid. So, 
since every element of C - {e, f, p} is in a triad of M containing p, every element 
of C - {e, f } is in X. Thus rk(X U {e, f }) G rkX + 1. Therefore 
rk(X U {e, f}) + rkY < rkX + rkY + 1 = rk(M\e, f) + 1. 
Now, since rk(M\e, f) = rkM and M is 3-connected, it follows that ) YI = 1. That 
is, Y consists of a coloop of M\e, f. Hence {e, f } is contained in a triad of M. 0 
For the rest of this section, we assume that M is a (2,3)-matroid relative to the 
circuit C. 
Lemma 3.3. Let e, f be distinct elements of C. Zf {e, f } is contained in no triaa% of 
M, then IE(M) - Cl 34. 
Proof. Suppose that IE(M) - Cl G 3. Then, since E(M) - C is a cohyperplane of 
M, we have that rk*M ~4. Now, since rk*(M\e, f) ~2 and M\e, f has no 
coloops, E(M) - C is a series class or a triad of M\e, f. Therefore M\e, 
f /(C - {e, f}) is connected. Hence, by Lemma 2.4 applied to {e, f } and the 
independent set C - {e, f}, we must have that {e, f} is contained in a triad of M. 
This contradiction gives us the required conclusion. Cl 
Lemma 3.4. Let A be a proper (possibly empty) subset of C such that MIA is 
3-connected. Suppose that IE(M) - Cl 5 4. Zf, for some element p of C -A, the 
matroid MIA\p has no nonminimal 2-separations, then p is in triaas of M with 
every element of C - A. 
Proof. First suppose that M/A\p is 3-connected and let 4 be any element of 
C - (A Up). Then, since M/A\p has more than three elements, M/A\p, q is 
connected. Therefore, by Lemma 2.4, {p, q} is contained in a triad of M. 
Now suppose that MIA\p has a 2-separation. Let TT, Tz, . . . , Tz be the 
triads of M/A containing p. Then, since MIA is 3-connected and IE(M) - C( z 4, 
we have that IE(M/A)I 27. Thus, by the dual of Lemma 2.8, Ti* fI TT = {p} for 
any subset {i,j} of {1,2,. . . , k}. Moreover, by orthogonality, T7 fl (C - A) 
contains at least two elements for all i E (1, 2, . , . , k}. Now, for each i, choose 
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exactly one element from (T,* -p) fl (C -A) and let D be the set of these 
elements. Then, by Lemma 2.7, M/A\p/D is 3-connected. Now let q be an 
element of C - (A U D). Then, since M/A\plD has more than three elements, 
M/A \p/D\q is connected. Thus, since M\p, q is disconnected and A U D is 
independent, {p, q} is contained in a triad of M, by Lemma 2.4. •i 
The next two lemmas show that certain configurations cannot exist. 
Lemma 3.5. Suppose E(M) - C has at least four elements. Let p, q, r be elements 
of C. Then there is no element z of E(M) - C such that {p, q, z} is a triangle and 
{p, r, z} is a triad of M. 
Proof. Suppose, to the contrary, that there is such an element z. Then, since 
M \r is connected and M \r, q is disconnected, M\rlq is connected. Now 
M\rJq \p is disconnected since it has z as a coloop. Also, M \r/qfp is 
disconnected since it has z as a loop. This is a contradiction to Lemma 2.6. 0 
Lemma 3.6. Suppose E(M) - C has at least four elements. Let p, q be elements of 
C. Then there is no element z of E(M) - C such that {p, q, z} is a triangle of M. 
Proof. Suppose that, for an element z of E(M) - C, the set {p, q, z} is a triangle 
of M. Then, by circuit elimination, there is a circuit C, of M which contains z and 
is contained in {q, Z} U (C -p). Now, since M/z is connected having {p, q} as a 
2-circuit, M/z \p is connected. Moreover, C1 - z is a circuit of this matroid. Now, 
whether or not q is in Cr, if, for every element r of (C, - z) - q, the matroid 
Mfz\p, r is disconnected, then, by Lemma 2.5, (C, -z) - q contains a 
2-cocircuit of Mlz\p. But then, since M is 3-connected, p is in a triad of M which 
is contained in C - q. This is a contradication to orthogonality with the triangle 
{p, q, z}. Thus we may assume that, for some element r of (C, - z) - q, the 
matroid Mlz \p, r is connected. But then, since M\p, r is disconnected, {p, r, z} 
is a triad of M. This contradicts the last lemma. Cl 
Lemma 3.7. Suppose that each of C and E(M) - C has at least four elements. Let 
p, q be elments of C and x be an element of E(M) such that {p, q, x} is a triad of 
M. Suppose that M/p is not 3-connected. If Mlp has only minimal 2-separations, 
then the following statements hold. 
(i) p is in a unique triangle {p, x, y} where y is an element of E(M) - C. 
Moreover, x is not in C and Mlp \x is 3-connected. 
(ii) (p, q, x} is the unique triad of M containing x and the unique triad 
containing both p and q. 
(iii) M/q is not 3-connected. 
(iv) There is an element z of E(M) - (C U y) such that {q, x, z} is the unique 
triangle of M containing q. 
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Proof. (i) Suppose that T is a triangle of M containing p. Then, since ICI 2 4, T 
contains an element y of E(M) - C. Also, T contains an element of the triad 
{p, q, x} other than p. If q is in T, then {p, q, y} is a triangle of M. This is a 
contradiction to the last lemma. Therefore x is in T. Thus every triangle that 
contains p also contains x. Now, since M/p has only minimal 3-separations and M 
has more than seven elements, {p, x, y} is the unique triangle containing p, by 
Lemma 2.8. The last lemma implies that x is not in C. 
(ii) Suppose that T* is a triad of M containing x and distinct from {p, q, x}. 
Then, since x is in the triangle {p, x, y}, the triad T* contains x and exactly one 
of p and y, by orthogonality and Lemma 2.1. Now if T* = {x, p, z} where z is in 
E(M) - {q, y}, then, by circuit elimination, {p, q, z} is a triad of M. This 
contradicts orthogonality with the triangle {p, x, y}. On the other hand, if 
T* = {x, y, z}, then {y, z} is a 2-cocircuit of the 3-connected matroid M/p\x, a 
contradiction. Hence {p, q, x} is the unique triad containing x. 
Next we verify that {p, q, x} is the unique triad containing both p and q. 
Suppose that T* is another triad containing p and q. Then, by orthogonality with 
the triangle {p, x, y}, we have that T* = {p, q, y}. Now, by eliminating q from 
the triads {p, q, x} and {p, q, y}, we get that the triangle {p, x, y} is also a triad 
of M. This is a contradiction to Lemma 2.1. 
(iii) Suppose that M/q is 3-connected. Then {p, x, y} is a triangle and C - q is 
a circuit of M/q. So, by circuit elimination, there is a circuit C1 of M/q which 
contains x and is contained in {x, y} U (C - {p, q}). Now consider the circuit 
Ci -x of the connected matroid M/q/x \p. If, for every element r of (C, - x) - 
y, the matroid M/q, x\p, r is disconnected, then, by Lemma 2.5, (C, -x) - y 
contains a 2-cocircuit of M/q, x\p. But then, since Mfq is 3-connected, p is in a 
triad of M/q contained in E(M) - {x, y}. This contradicts orthogonality with the 
triangle {p, x, y}. So we may assume that, for some element r of (C, -x) - y, 
the matroid M/q, x \p, r is connected. Then, since M\p, r is disconnected and 
{q, x} is independent, by Lemma 2.4, either {p, q, r} or {p, r, x} is a triad of M. 
Now {p, q, r} cannot be a triad of M because of orthogonality with the triangle 
{p, x, y}. And {p, r, x} cannot be a triad of M because of the uniqueness of the 
triad {p, q, x} containing x, by (ii). Hence M/q is not 3-connected. 
(iv) Since neither M\q nor M/q is 3-connected, M\q or M/q has only minimal 
2-separations. Suppose that M \q has only minimal 2-separations and consider the 
triads of M containing q. Then, by the dual of Lemma 2.8, the intersection of any 
pair of these triads is {q}. Moreover, by orthogonality and (ii), {p, q, x} is the 
unique triad of M containing q and intersecting the triangle {p, x, y}. Therefore 
the cosimplification (M\q)’ contains one of {p, y} and {x, y} as a 2-circuit. This 
is a contradiction since, by Lemma 2.7, (M \q)’ is 3-connected. Thus we must 
have that M/q has only minimal 2-separations. Now, by applying (i) with the 
roles of p and q interchanged, we get that q is in a unique triangle {q, x, z} of M. 
The conclusion that z # y follows from the observation that if {q, x, y } is a 
triangle of M, then, by circuit elimination with the triangle {p, x, y}, the triad 
{p, q, x} is also a triangle of M, a contradiction. •i 
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Lemma 3.8. Suppose that each of C and E(M) - C has at least four elements. Let 
p, q, r be elements of C and x, y be elements of E(M) - C. If {p, x, y} is a triangle 
and {q, r, x, y} is a cocircuit of M, then either {p, q, x} and {p, r, y} are triads of 
M or {p, r, x} and {p, q, y} are triads of M. 
Proof. Since M\qlp is connected and M\qlplx has y as a loop, M\qfp\x is 
connected. Also, since M\qfp\x, y has r as a coloop, M\qfp\xfy is connected. 
Note that, since {p, x, y} is a triangle of M\q, we have that M\q/p\x/y = M\q, 
p/x, y, by Lemma 1.3. Now since M\q, p is disconnected and {x, y} is 
independent, either {p, q, x} or {p, q, y} is a triad of M. If both of these are 
triads of M, then circuit elimination implies that {p, x, y} is a triad of M. This is a 
contradiction since {p, x, y} is a triangle of M. Without loss of generality, we 
may assume that {p, q, x} is a triad of M. 
Now, by replacing q by r in the above argument, we get that exactly one of 
{p, r, x} and {p, r, y} is a traid of M. If {p, r, x} is a triad of M, then by circuit 
elimination applied to the triads {p, q, x} and {p, r, x}, we get that {r, p, q} is a 
triad of M. This is a contradiction to orthogonality with the triangle {p, x, y}. 
Therefore {p, r, y } is a triad of M. 0 
Lemma 3.9. Suppose that each of C and E(M) - C has at least four elements. Let 
p be an element of C such that Mlp is not 3-connected. If Mfp has only minimal 
a-separations, then every triangle of M containing p contains two elements of 
E(M) - C. Moreover, (M/p)” is a (2, 3)-matroid relative to the circuit C -p. 
Proof. Let T be a triangle of M containing p. Then, by Lemma 3.6, T fI C = {p}. 
Thus C-p is a circuit of the 3-connected matroid (M/p)“. Now if, for distinct 
elements q, r of C -p, the matroid (M/p)“\q, r is connected, then clearly 
M/p\q, r is also connected. Therefore, since M\q, r is disconnected, {p, q, r} is 
a triad of M. This is a contradiction to orthogonality with the triangles containing 
p. Hence (M/p)” is (2,3) relative to C -p. 0 
4. The proof of Theorem 1.1 
We argue by induction on (Cl. If ICI = 3, then, by applying Lemma 3.2 to each 
pair of elements of C, we get that every pair of elements of C is in a triad of M. 
So suppose that /Cl 3 4 and that C contains two elements e, f such that {e, f } is 
contained in no triads of M. Note that, by Lemma 3.3, IE(M) - Cl 3 4. 
Lemma 4.1. Let g be an element of C - {e, f }. Then Mfg is 3-connected. 
Proof. Suppose that M/g is not 3-connected. We will obtain a contradiction by 
showing that M is isomorphic to M(K). Now, since M\g is not 3-connected, 
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either M\g or M/g has only minimal 2-separations. If M\g has only minimal 
2-separations, then, by Lemma 3.4, g is in triads of M with every element of 
C - {e,f}. Therefore, by Lemma 3.2, {e, f} is contained in a triad of M, a 
contradiction. Thus M/g has only minimal 2-separations. Now, by Lemma 3.9, 
(M/g)” is a (2,3)-matroid relative to the circuit C -g. So, by the induction 
hypothesis, {e,f} is contained in a triad {e, f, y} of (M/g)“. Then, by or- 
thogonality with the triangles of M containing g and Lemma 2.8, {e, f, x, y} is a 
cocircuit of M, where {g, X, y} is a triangle of M and {x, y} c_ E(M) - C. 
Now, by Lemma 3.8 applied to the triangle {g, x, y} and the cocircuit 
{e,f, x, y}, we may assume that {e, g, x} and {f, g, y} are triads of M. 
Moreover, applying Lemma 3.7 (iv) taking p, q and x to be e, g, and x, 
respectively, we get that, for an element z of E(M) - (C U y), the set {e, x, z} is 
a triangle of M. Further, applying Lemma 3.7 (iv) again, this time taking p, q, 
and x to be g, f, and y, we get that, for an element w of E(M) - (C Uy), the set 
{f, y, w} is a triangle of M. Note that w #z. For if w = z, then {e, x} and {f, y} 
are 2-circuits of the connected matroid M/z. Thus M/z\e, f is connected and 
consequently {e, f, z} is a triad of M, a contradiction. 
Next we show that C has exactly four elements. Let h be an element of 
C - {e,f, g}. Then, since (M/g)” is a (2,3)-matroid relative to C-g, the 
induction hypothesis, implies that {e, h} is contained in a triad T* of (M/g)“. 
Now, by (3.7)(i), {g, x, Y> is the unique triangle of M containing g. So, by 
orthogonality with the triangles {g, x, y} and {e, x, z} of M, T* is a triad of M 
and is equal to {e, h, z}. Similarly, {f, h, w} is a triad of M. Now if hl is an 
element of C - {e, f, g, h}, then, by the previous argument, {e, hl, z} is a triad 
of M. Therefore, by circuit elimination, {e, h, h,} is a triad of M. This is a 
contradiction to orthogonality with the triangle {e, x, z}. Hence ICI = 4. 
Next we show that {h, z, w} is a triangle of M. Since M\f and M/f are not 
3-connected, either the former or the latter has only minimal 2-separations. If 
M \f has only minimal a-separations, then, by Lemma 3.4, {e, f } is contained in a 
triad of M, a contradiction. Thus M/f has only minimal 2-separations. Then, 
applying Lemma 3.7 (iv) taking p, q, and x to be f, h, and w, respectively, there 
is an element f of E(M) - (C U w) such that {h, w, t} is a triangle of M. Now, by 
orthogonality with the triads {e, h, z} and {e, g, x}, it follows that t = z. That is, 
{h, w, z} is a triangle of M. 
Let W = C U {x, y, z, w}. It is easy to verify that the circuits of M\(E(M) - 
W) are the circuits of M(Wl) and that rk*W = 4. Now rkW + rk(E(M) - W) - 
rkM = rkW + rk* W - 8 = 0. Thus, since M is 3-connected, E(M) = W and M is 
isomorphic to M(Wl). This is a contradiction to the hypotheses of the theorem. 
Hence M/g is 3-connected. 0 
Lemma 4.2. Let go be an element of C - {e, f }. Then there is a triad {go, ho, ro} 
of M contained in C. Moreover, either ho or r. is not in {e, f }. 
Proof. Consider the circuit C -go of the 3-connected matroid M/g,. If, for all 
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elements h, r of C -go, the matroid Mlg,\h, r is disconnected, then, by the 
induction hypothesis, {e, f} is contained in a triad of M/g,, a contradiction since 
this triad would also be a triad of M. Thus, there are distinct elements ho, r, of 
C-g, such that M/go\ho, r. is connected. Therefore, since M\ho, r. is 
disconnected, {go, ho, ro} is a triad of M. Evidently, either ho or r, is not in 
bf>- 0 
We may assume that ho is not in {e, f}. We also may assume, by Lemma 3.2, 
that there is an element g of C - {e, f, go} such that {go, g} is contained in no 
triads of M. Let G be the set of these elements g. Then ho is not in G. Now if 
M/G is 3-connected, then go is in triads of M/G with every element of 
(C - G) - {e, f, go}. Moreover, by Lemma 2.4, MfG\e, f is disconnected. 
Therefore, by Lemma 3.2 applied to M/G and the circuit C - G, there is a triad 
of M/G containing {e, f}, a contradiction. Hence M/G is not 3-connected. 
Now let AI be a maximal subset of G such that M/AI is 3-connected. Then, by 
Lemma 4.1, A, is non-empty. Moreover, since M/G is not 3-connected, G -A, is 
non-empty. Let a be a fixed element of G -AI. Then, since AI is maximal, 
M/AI/a is not 3-connected. Also, since {go, a} is contained in no triads of M, the 
matroid M/A,\a has a nonminimal 2-separation, by Lemma 3.4. Therefore 
M/Al/a has only minimal 2-separations. 
Now let A be a minimal subset of AI such that a is in some triangle of M/A. 
Then, since A 5 G, Lemma 4.1 implies that A is non-empty. Moreover, by 
Lemma 2.2, M/A is 3-connected. Furthermore, M/A\g,, a is disconnected. 
Lemma 4.3. (i) For every triangle {a, x, y} of MIA, neither MIAlx\g, nor 
MIA/y \go is connected. 
(ii) For every triangle {a, x, y} of M/A, the set {x, y} is contained in 
E(M) - C. 
(iii) Let p, q be distinct elements of C - (A U a). Then M/A\p, q is 
disconnected. 
(iv) For every triangle {a, x, y} of M/A, the set {a, x, y} UA is a circuit of M. 
Proof. (i) Let {a, x, y} be a triangle of M/A. Note that, since a is not in the triad 
{go, ho, ro}, orthogonality and the fact that IC -Al 14 imply that go is not in 
{x, y}. Now suppose that MIAlx\g, is connected. Then, since {a, y} is a 
2-circuit of M/A/x\g,, the matroid MIA/x\g,, a is connected. Therefore, since 
MIA \g,, a is disconnected and MIA is 3-connected, {go, a, x} is a triad of M/A, 
a contradiction. Hence MIAIx \g, is disconnected. Similarly, 
MJAfy \g, is disconnected. 
(ii) Let {a, x, y} be a triangle of M/A. Since, by (i), M/A\go/x is discon- 
nected, M/A\g,, x is connected. Therefore x is not an element of C, otherwise 
{go, x, b} is a triad of M for some element b of A, a contradiction. Similarly, y is 
not in C. 
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(iii) Suppose that, for distinct elements p, q of C - (A U a), the matroid 
M/A\p, q is connected. Then, by Lemma 2.4, {p, q, b} is a triad of M for some 
element 6 of A. Now consider a triangle T of M/A containing A. Since {p, q, b} 
is a triad of M/(A - b), the set T U b is not a circuit of this matroid. Thus T is a 
triangle of M/(A - b). This is a contradiction to the minimality of A. 
(iv) This follows from the minimality of A. III 
Lemma 4.4. The simplification (M/Ala)’ is a (2, 3)-matroid relative to the circuit 
C - (A U a). 
Proof. Note that, by Lemma 4.3(ii), C - (A U a) is a circuit of (M/A/a)“. If, for 
distinct elements p, q of C - (A U a), the matroid (M/A/a)“\p, q is connected, 
then clearly M/AIa\p, q is also connected. Now, by Lemma 4.3(iii), the matroid 
M/A\p, q is disconnected. Therefore, {a, p, q} is a triad of M/A. This is a 
contradiction to orthogonality with the triangles of M/A containing a. •i 
Lemma 4.5. For some element q. of C - (A U {a, go, ho) and some triangle 
{a, x0, yo} of M/A, the set {ho, qo, x0, yo} is a cocircuit of M/A. 
Proof. By Lemma 4.4 and the induction hypothesis, ho is in triads of (M/A/a)’ 
with every element of C - (A U {a, go}). N ow suppose that every such triad is 
also a triad of M/A. Then, since MIA\a, go is disconnected, it follows, by 
applying Lemma 3.2 to M/A, {a, go} and ho, that {a, go} is in a triad of M/A, a 
contradiction. Therefore there is an element q. of C - (A U {a, go, ho}) such that 
{ho, qo} is in a triad of (M/Ala)’ which is not a triad of M/A. Now the required 
conclusion follows by orthogonality and Lemma 2.8. 0 
Now we also have that, for every element q of C - (A U {a, qo}), the set 
{ho, q} is contained in a triad or a cocircuit {ho, q, x, y} of M/A, where {a, x, y} 
is a triangle of M/A. Consider the matroid M and let {X, Y} be a l-separation of 
M \e, f. Without loss of generality, we may assume that the circuit {a, x0, yo} U A 
is contained in X. Then, for every triangle {a, x, y} of M/A, the circuit 
{a, x, y} UA is contained in X. Moreover, since {ho, qo, x0, yo} is a cocircuit of 
M, the set {ho, qo} is also contained in X. Now it is easy to see that every 
element of C - (A U {a, e, f }) is in X. So C - {e, f} is contained in X. Therefore 
rk(X U {e, f }) S rkX + 1. 
Now, since rkX + rkY = rk(M\e, f) = rkM, it follows that rk(X U {e, f}) + 
rkY = rkX + rkY + 1 = rkM + 1. Hence, since M is 3-connected, IYI = 1. Thus Y 
consists of a coloop of M \e, f and therefore {e, f } is in a triad of M. This 
contradicts the assumption that {e, f} is in no triads of M and thereby completes 
the proof of Theorem 1.1. 0 
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